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Cohesion and Internal Friction of Fine Glass Beads as 
Affected by Small Intensity Vertical Vibration 
A. Castellanos, C. Soria-Hoyo, J. M. Valverde and M. A. S. Quintanilla 
Faculty of Physics. University of Seville. Avenida Reina Mercedes s/n, 41012 Seville. Spain. 
Abstract. We have used a novel centrifuge powder tester to obtain the angle of internal friction and cohesion of fine glass 
beads as affected by previous vibration in the vertical direction. In the experimental procedure we use a small amount of mass, 
typically between 2 and 4 grams, contained in a rectangular cell. The bed is initialized and subjected to low intensity vertical 
vibrations of controlled frequency and amplitude for a fixed period of time. By means of pre-vibration the material becomes 
compacted. Then the cell is taken to the centrifugal powder tester, in which it is rotated around its vertical axis at increasing 
values of the rotation velocity. At a critical point the shear stress caused by the action of the centrifugal force is large enough 
to drive material avalanches. From a theoretical analysis of these avalanches based on the Coulomb’s method of wedges we 
derive the angle of internal friction and cohesion of the glass beads. Measurements have been performed using different masses 
pre-vibrated at different frequencies and amplitudes. Results from the tests are fitted to a single trend when they are plotted 
as a function of the effective consolidation stress imposed on the bed by means of pre-vibration. Basically, the data indicate 
a significant increase of cohesion and a slight decrease of the angle of internal friction as the effective consolidation on the 
sample is increased. The interparticle cohesion force has been estimated from the cohesion measured, and using the averaging 
Rumpf’s equation. For the unconsolidated samples, the value estimated agrees with the expected force due to the sum of van 
der Waals and capillary forces for undeformed contacts between surface asperities. However, the interparticle cohesion force 
increases as pre-vibration intensity is increased, being this the main reason for the increase of cohesion at the bulk level. 
According to theoretical estimations, the increase of the interparticle cohesion force is attributable to the plastic yield of the 
surface asperities at contact. The rate of increase of the interparticle cohesion force with the interparticle consolidation force 
is in accordance with the results predicted by a theoretical model on plastic contacts between surface asperities. It can be 
concluded that fine powder flowability is seriously hindered by compaction due to pre-vibration. 
Keywords: Cohesion, Granular flow, Vibration 
PACS: 83.80.Fg, 81.20.Ev, 47.55.kf 
Small intensity vertical vibration of a loosely packed 
bed induces compaction by helping grains to overcome 
arches and other barriers. Most of the processing plants 
dealing with fine powders experiment handling problems 
because of the lack of material flow predictability. While 
the large ratio of surface area to volume of fine pow­
ders provides high fluid-solid contact and reaction effi­
ciencies, the relative strength of interparticle attractive 
forces is also increased, giving rise to poor flowability 
that is unpredictably affected by vibrations during pow­
der transportation or storage when used is resumed. The 
Jenike shear cell [1] has been widely used to measure the 
angle of internal friction and cohesion of cohesive pow­
ders. Essentially the method consists of compacting a 
sample with a known external load into a cylindrical cell 
composed of two metal rings one upon the other. With 
the compaction load still applied the minimum steady 
state shear stress necessary to displace the upper ring 
horizontally with respect to the lower one is measured. 
According to the Mohr-Coulomb criterion, the angle of 
internal friction and the cohesion C of the powder are 
a measure of its capability to sustain shear stresses and 
therefore to flow [1]. Consider an arbitrary plane through 
the sample and a shear stress τacting on that plane; there 
wi l l be a critical value of the shear stress that wi l l cause 
the material to shear off in that plane. This yield stress 
depend on the normal stress a acting perpendicular to 
the plane. In his pioneer work, Coulomb approximated 
the relationship between T and a by a linear function [1] 
T = <7tan<p + C (1) 
where C and 9 are the cohesion and angle of internal 
friction of the granular material, respectively. Equation 
1 defines the Mohr-Coulomb yield locus of the granu­
lar material. A problem of using the modified Jenike cell 
to investigate the flow properties of powders is that, in 
applications involving powder flow, the sample is usu­
ally in a state of small consolidation (typically in a range 
from a few Pa to a few hundred Pa), while in the Jenike 
shear cell the sample is initialized in a state of consolida­
tions typically larger than 1 kPa. The Schulze ring shear 
tester [1] is a technical improve on the Jenike tester. This 
method is able to measure the yield locus at small consol­
idations and has been recognized as a standard technique 
for powder flow diagnosis. A general problem that be­
sets shear testers is that, in order to relate the stresses to 
the real stresses inside the material, it must be assumed 
that the shear process takes place uniformly throughout 
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the sample [2], which is known to be false for overcon-
solidated materials [2]. In the case of highly cohesive 
powders, the shear occurs through fracture surfaces of 
uncertain location that are difficult to be erased by the 
initialization procedure used in the shear testers. In our 
experimental work we have estimated experimentally the 
angle of internal friction and cohesion of powder samples 
compacted by previous vertical vibration. Measurements 
have been carried out by means of a centrifuge powder 
tester (CPT) [3]. This device has been described in de-
tail in ref. [4], in which results from measurements on 
diverse powders were also shown to illustrate its func-
tioning. 
FIGURE 1. Photograph of the device built at the University 
of Seville to measure the angle of internal friction and cohesion 
of granular materials. The granular material rests on a rectan-
gular cell (C) which is fixed to a rotatory plate. The motion 
is driven by a motor (M) which is controlled by a computer. 
A wireless camera (not shown) fixed to the rotatory structure 
records the evolution of the material as the cell is rotated. 
In the experimental setup the sample of granular ma-
terial partially fills a rectangularly shaped container of 
internal length 2R = 8 cm and 0.6 cm depth. The ma-
terial is init ial ized by gently shaking the container hor i -
zontally to smooth the sample free surface and make i t 
horizontal. After init ial ization, the container is mounted 
on an electromagnetic vibration exciter driven by a signal 
generator, which provides sinusoidal, vertical vibrations 
of controlled frequency v and amplitude A. Dur ing the 
pre-vibration procedure the sample is subjected to ver-
tical oscillations at fixed amplitude and frequency for a 
time period of two minutes. Experiments have been per-
formed at two selected frequencies (200Hz and 1kHz), 
which are controlled to wi th in ±0.1 Hz. We have tested 
soda-lime glass beads of diameter dp~ 40 ± 10 / i m and 
particle density pp ~ 2500 kg /m 3 . The sample masses 
used to run the experiment are between 2 and 4 grams, 
corresponding to typical volumes between 1.5 cm3 and 3 
cm 3 . The height H o f the material layer in the container 
is between 3 and 5 m m . The dimensionless peak acceler-
ation amplitude r = A{2nvf/g0, where g0 = 9.81 m/s2 
is the acceleration due gravity, is in a range that extends 




FIGURE 2. a) Yield loci measured for the fine glass beads 
and for different values of the maximum normal stress applied 
by a lid using the standard Schulze ring shear tester. b) Angle of 
internal friction (left axis) and cohesion (right axis) derived as 
a function of the maximum normal stress. The typical indeter-
minacy in the measurement of <p is around 10 and it is around 
10 Pa in the measurement of C. 
= 0.2kHz m = 2 gr 
= 1kHzm = 2gr. 
= 1kHzm = 4gr 
o. ffa) 
FIGURE 3. Experimental values of the angle of internal 
friction <p for pre-vibrated samples as a function of the effective 
consolidation ac due to previous vibration. The inset indicates 
the frequency v of pre-vibration and the mass m of powder 
used. 
up to T ~ 5, and can be controlled to wi th in ±0.1g0. 
When ramping up the vibration intensity we observe ir-
reversible compaction of the powder layer that remains 
al l the time attached to the base of the container. Thus, 
the net effect of vibration wi th in the applied range of in-
tensities is to increase the rms acceleration on the sam-
ple by a factor (1 + r ) . The consolidation stress <7c0 o f 
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FIGURE 4. Average experimental values of cohesion C for 
pre-vibrated samples as a function of the effective consolida-
tion stress ac, which is increased by previous vibration. The 
inset indicates the frequency v of pre-vibration and the mass 
m of powder used. The arrow in the vertical axis indicates the 
cohesion C0 - 10 Pa measured for the nonvibrated samples, 
subjected to a consolidation stress just due to their own weight 
CJC0 - 40 Pa. 
Ov = 0.2kHzm = 2gr 
Hv = 1kHzm = 2gr. 
Av = 1kHzm = 4gr. 
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FIGURE 5. Estimated interparticle cohesion force as a func-
tion of the estimated interparticle consolidation force caused 
by previous vibration. The arrow in the ordinate axis indicates 
the interparticle force calculated by summation of the van der 
Waals and capillary forces. The inset is a plot of the interpar-
ticle cohesion force as a function of the square root of the in-
terparticle consolidation force. The straight line is a linear fit to 
the data (R2 = 0.938) 
the nonvibrated sample, which is only due to its own 
weight, is small (typically <7c0 ~ pP<l>g0H ~ 40 Pa). By 
means of pre-vibration, the effective consolidation stress 
ac ~ <7c0(1 + T) is thus increased in a range extending 
up to <7C ~ 400 Pa. Once the powder is compacted by 
vibrations it is carefully taken to the centrifuge powder 
tester (CPT). In Fig. 1 we show a photograph of the CPT 
built at the University of Seville. The container is placed 
on a rotatory table and it is rotated around is vertical axis. 
The rotation velocity is driven by a D.C. permanent mag-
net motor controlled by a computer. In the experiments 
reported in this paper the rotation velocity was steadily 
increased at a rate of 1rpm/s up to a maximum value 
of 600rpm. At a critical point the shear stress caused 
by the action of a centrifugal force is large enough to 
drive material avalanches. The succession of avalanches 
are recorded by a wireless TV cam solidary to the con-
tainer and later analyzed with the help of an image soft-
ware to obtain the mechanical properties of the material 
as a function of pre-vibration intensity. 
In order to compare our results with results from in-
dependent experiments we have tested the powder by 
using the Schulze ring shear tester (model RST-01.pc 
Computer-controlled). Figure 2 shows the yield loci 
measured for different values of the maximum normal 
stress c w initially applied by the lid on the powder. 
From this figure it can be concluded that the behavior 
of the powder can be well described by the Coulomb 
yield condition (Eq. 1), with an angle of internal friction 
<p around 250 that decreases slightly as c w is decreased 
(see Fig. 2b). In Fig. 2b we have plotted also the cohesion 
calculated from the yield loci as a function of c w . It is 
seen that the cohesion increases as the maximum normal 
stress is increased. Measurements for c w below 200 Pa 
were not possible with sufficient accuracy. 
Following the methodology described in detail in ref. 
[4] we obtain the experimental values of the angle of in-
ternal friction <p from the measurement of the angle of 
the slope at high rotation velocities. Results show that 
within the experimental scatter the values of <p do not 
depend on the rotation velocity employed for the calcu-
lation as should be expected. From these results it can 
be also inferred that the average angle of internal fric-
tion (<p) decreases slightly as pre-vibration intensity is 
increased. This correlation is seen in Fig. 3 where we 
have plotted (<p) as a function of the effective consolida-
tion <7C ~ <7c0(1 + T). It is observed that (<p) decreases 
from about 250 at low consolidations to about 220 at 
the highest consolidations, although the experimental in-
determinacy precludes us from a statistically significant 
conclusion. Nevertheless, note that the value of the angle 
of internal friction estimated for the non-vibrated sam-
ple (around 250) agrees with the average angle of inter-
nal friction derived from the yield loci measured using 
the ring shear tester (Fig. 2b). Moreover, the result ob-
tained form the ring shear tester also indicates a decrease 
of (<p) as the maximum normal stress used to obtain the 
yield locus is increased. We can not establish however 
a direct comparison between both sets of data since the 
effective consolidation stress defined in our experiment 
is not directly related to the maximum normal stress ap-
plied by the lid on the powder using the ring shear tester. 
In Fig. 4 we have plotted the experimental values of co-
hesion C obtained from the measurement of the rotation 
velocity at which the first avalanche os observed. It is 
seen that cohesion increases as the effective consolida-
tion is increased due to pre-vibration. This trend agrees 
with the tendency of observed using the ring shear tester 
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(Fig. 2b), albeit our apparatus is able to measure cohe-
sion accurately in the range of smaller consolidations. 
Using the Rumpf averaging equation [5], the inter-
particle cohesion force f, can be estimated as f, ~ 
ctndp2/Cf where at (tensile strength) is the maxi-
mum tensile stress that the powder can withstand and 
C is the coordination number (average number of con-
tacts per particle). The coordination number £ can be re-
lated to the particle volume fraction <j> by the equation 
C ~ (7r/2)(1 - tf>)~3/2 (ref. [5]). Experimental tests on 
fine powders using a ring shear tester and a tilted flu-
idized bed technique [5] have shown that the yield locus 
of cohesive powders has a convex shape at very small 
and negative values of a. As a first approximation, we 
wil l consider that the tensile strength a, and the cohe-
sion C are of the same order of magnitude (C - at). 
Likewise the average consolidation force fc transmitted 
to the interparticle contacts by the effective consolida-
tion stress <7C can be estimated. Estimations of the cohe-
sive force between particles ft as a function of the inter-
particle consolidation force fc are plotted in Fig. 5. The 
data shows that, in the range of forces tested, f, increases 
with fc in about one order of magnitude, indicating that 
the increase of cohesion C at the bulk level is mainly 
attributable to the increase of the cohesive force at the 
micro-level of interparticle contacts. 
For dry particles the interparticle attractive force arises 
mainly from van der Waals and capillary interaction. The 
van der Waals attractive force can be approximated by 
[5] fvdW ~ Ad*/12z20, where A is the Hamaker constant 
(A ~ 1.5 x 10T19 J for glass [5]), d* = d1d2/(d1+d2) 
is the reduced particle diameter, and z0 ^ 3 - 4 Å is 
the distance of closest approach between two molecules. 
Because of the short range of the molecular interaction, 
the van der Waals force is actually determined by the 
typical size of the surface asperities da instead of the 
particle diameters. A typical value reported for the size of 
surface asperities of fine powder particles is 4 - 0.2 /xm, 
which agrees with the average asperity diameter derived 
from AFM analysis of the surface of glass beads [5]. 
Thus we can estimate fvdW ~ 10 nN for our experimental 
particles. 
The experiments are carried out at ambient conditions 
and it is therefore possible that moisture condensation at 
the asperities at contact yield attractive capillary forces. 
The capillary force between two equal spheres of radius 
r can be approximated by fd ~ 7ryr2j3/S, where 7 is the 
liquid surface tension, J3 is the half-filling angle and S 
is the separation distance [6]. For small water bridges 
S ~ r/3, we can write fd ~ nyr where r - da/2 ~ 0.1 /xm 
and 7 = 72.75 mN/m. Accordingly, the contribution to 
adhesion by the capillary force is fd ~ 20 nN. The total 
attractive force expected would be f0 = fvdW + fd ~ 30 
nN, in agreement with the cohesive interparticle force es-
timated from our measurements for the loosely packed 
samples (see Fig. 5). Even small consolidation stresses 
may induce plastic deformation of the surface asperities 
at contact, thus enhancing the interparticle cohesive force 
[5]. The critical load on the contact Py for the initiation 
of plastic yield within the bulk of the particle can be cal-
culated as Py ~ 27t3(d*)2Y3/3E2, where Y is the com-
pressive yield strength, E is the Young modulus, and d* 
is the reduced asperity diameter. For contacts between 
asperities of same size d* = da/2. Using as typical val-
ues Y = 1100 MPa (reported for glass [5]) and E = 68.9 
GPa (reported for soda-lime glass [5]), it is estimated 
Py ~ 20 nN, which is lower than the smallest consoli-
dation forces that we estimate in our experiments (see 




where 1/E* = 2(1 - v2)/E, being v the Poisson ratio 
(v = 0.16 for soda-lime glass [5]), w = 27is the work of 
adhesion, being 7 the surface energy of the solid (j- 0.3 
J/m2 for glass [5]), and H « 37 is the hardness of the 
solid material. The best linear fit to data of f, vs. 4fc 
(see inset of Fig. 5) yields a slope of 6.65 (nN)1/2, which 
agrees in order of magnitude with the values predicted by 
Eq. 2 (the calculated slope is 9.41 (nN)1/2) using w = 0.6 
J/m2, E = 68.9 GPa, v=0.16 and H = 3300 MPa. 
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